Abstract. We study Ω ⊂ C d , a circular, bounded, strictly convex domain with C 2 boundary. Let g and h be continuous functions on ∂Ω with |g(z)| < h(z) = h(λz) for z ∈ ∂Ω and |λ| = 1. First we prove that h can be approximated by the maximum modulus values of K homogeneous polynomials, where K is independent from h. Next we construct f 1 ∈ A(Ω) such that
Introduction
Let Ω ⊂⊂ C d be a bounded, circular strictly convex domain with C 2 boundary. We study a phenomenon of the existence of a holomorphic and continuous function on Ω with given values on the boundary. We say that a compact set K is a maximum modulus set for A(Ω) if there exists f ∈ A(Ω) such that |f | < 1 on Ω\K and |f | = 1 on K. There is also a stronger concept of a peek set when f = 1 on K.
In fact it is well known that for d > 1 a holomorphic non-constant function f ∈ A(B d ) such that |f (z)| = 1 for all z ∈ ∂B d does not exist. Therefore maximum modulus sets and peak sets are extensively considered by many authors.
Topologically, peak sets and maximum modulus sets are small in strictly pseudoconvex domains, as was proved by Stout and Duchamp. The real topological dimension of a maximum modulus set is no more than d [7] and for a peak set is no more than d − 1 [6] . In particular, the maximum modulus set must have an empty interior.
However, from the measure-theoretic point of view, peak sets and maximum modulus sets no longer have to be small. Stensönes Henriksen has proved [5] that every strictly pseudoconvex domain with C ∞ boundary in C d has a peak set with a Hausdorff dimension 2d − 1. However, Eric Løv has proved [4] that a maximum modulus set can have positive (2d − 1)-dimensional Hausdorff measure.
We construct a maximum modulus set which crosses any circle in ∂Ω with the center at zero. Therefore the Hausdorff dimension is at least 2d − 2. It is also possible to combine our construction with the construction of an inner function. Other constructions of inner functions can be found in [1, 3, 4] .
Homogeneous polynomials
In our constructions we use the homogeneous polynomials from the paper [2] , and thus we consider the same (as in [2] ) unitarily invariant pseudo-metric 
We need the following lemmas: 
There exists a constant c > 0 such that if
Now we can prove the following result: 
Proof. We can choose C > 2 and N 0 ∈ N from Lemma 2.3 used for a = θ 4 . Since h has the same values on the circles, there exists ε ∈ (0, 1) such that we obtain the following property for z, ξ ∈ ∂Ω:
In particular due to Lemma 2.1 we may estimate
Now we may conclude that there exists
Due to Lemma 2.3(4) we may obtain the property (1):
. Due to Lemma 2.3(3) we may estimate
In particular we may obtain property (2):
We improve the above lemma to get a more useful tool in applications. 
Proof. Let 0 < c 1 < c 2 be from (1). For a constant θ = 
, which finishes the proof. Now we can prove the following fact, which will enable us to construct the bounded holomorphic function with a desired property. 
where
Proof. Let a = 1 2 and K be a natural number from Theorem 2.5. There exists ε ∈ (0,
We show that we can choose θ = 1 4K . Due to Theorem 2.5 we conclude that there exists N 0 ∈ N such that for all m ∈ N with N 0 ≤ mn < (m + 1)n < ... < (m + K)n < 2mn there exist homogeneous polynomials p (m+1)n , ..., p (m+K)n of (m + 1)n, ..., (m + K)n degree respectively such that 
In particular we may estimate
We have just proved that it is enough to define q = q m for m large enough.
Now we construct an example of a maximum modulus set K which crosses any circle in ∂Ω with the center at zero. In particular Hausdorff dimension of K is at least 2d − 2.
Theorem 2.7. Let ε > 0, T be a compact subset of Ω, g be a complex continuous function on ∂Ω and h be a positive continuous function on ∂Ω such that |g(z)|
Proof. Let θ ∈ (0, 1) be a constant from Lemma 2.6. We construct the sequence of holomorphic polynomials f n ∈ A(Ω) with the following properties:
(
To construct f 1 it is enough to use Lemma 2.6. If f 1 , ..., f n are constructed, we can estimate
Therefore to construct f n+1 it suffices to use Lemma 2.6 once again.
Since H(z) = H(λz) for |λ| = 1, due to (3) we can conclude
which implies
The last inequality gives us lim n→∞ H n (z) = 0. Moreover we can estimate 
Theorem 2.8. Let h be a continuous strictly positive function on ∂Ω such that
Proof. We construct a sequence {ε m } m∈N of positive numbers, a sequence {ω m } m∈N of holomorphic functions on Ω, and a sequence {V m } m∈N of relatively open subsets of ∂Ω such that the following properties are fulfilled:
(1)
First we construct (ε 2 , ω 2 , V 1 ) so that (1)- (7) 
Let us choose ω 2 = f + g. We show that properties (1)- (7) are fulfilled for m = 1. In fact it is enough to prove only (4) and (6) . The remaining properties are trivial. We may estimate 
